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AbstractQ In the first part of this paper we study scrollers and linearly joined varieties. 
Scrollers were introduced in |BM4j . linearly joined varieties are an extenson of scroller and were 
defined in [EGHPj . and they proved that scrollers are defined by homogeneous ideals having a 
2— linear resolution. A particular class of varieties, of important interest in classical Geometry are 
Cohen-Macaulay varieties of minimal degree, they were classified by the successive contribution of 
Del Pezzo |DPj , Bertini [B] , and Xambo [X| . They appear naturally studying the fiber cone of of a 
codimension two toric ideals [GMSlj . |GMS2j . [BMlj . jH], [HMj . Let S be a polynomial ring and 
IcSa homogeneous ideal defining a sequence of linearly-joined varieties. 

• We compute the depth S/I, and the cohomological dimension cd(Z). 

• We prove that under some hypothesis that c(V) = depth S/T — 1, where c(V) is the connect- 
edness dimension of the algebraic set defined by T. 

• We characterize sets of generators of I, and give an effective algorithm to find equations, as 
an application we prove that ara (T) = projdim {S/T) in the case where V is a union of 
linear spaces, in particular this applies to any square free monomial ideal having a 2— linear 
resolution. 



In the case where V is a union of linear spaces, the ideal I, can be characterized by a tableau, 
which is an extension of a Ferrer (or Young) tableau. 

We introduce a new class of ideals called simplicial ideals, ideals defining linearly-joined vari- 
eties are a particular case of simplicial ideals. All these results are new, and extend results in 
[BM4] . [EGHPj . 



1 Introduction 

Throughout this paper we will work with projective schemes X C IP", but we adopt the 
algebraic point of view, that is we consider a polynomial ring S, graded by its standard 
graduation and reduced homogeneous ideals. Our motivation comes fro m the st u dy of the 
fiber cone F(I) of a codimension two toric ideal, as it was shown in [GMSlj . [GMS2j . 
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[BMlJ, , [HJ, [HM], F(I) appears to be a Cohen-Macaulay reduced ring having minimal 
multiplicity. Projective algebraic sets arithmetically Cohen- Maca ulay with minimal degree 
were classified by the successive contribution of Del Pezzo [DP], Bertini [B], and Xambo 
[X] . and were characterized homologically by Eisenbd-Goto |EG] . In the case of irreducible 
varieties of minimal degree, eq uation s defining such varieties are given, but as was pointed by 
De Concini-Eisenbud-Procesi [CEP]: "the precise equations satisfied by reducible suvarieties 
of minimal degree remain mysteri o us" , he nce they " stop short of giving a normal form for the 
equations of each type. In [BM2| . IBM4] . we tried to answer to this question by describing 
a set of axioms s atisfyied by the ideal of any a linear union of scrolls. Some of our results 
were e xtende d in [E GHP| . 

In |BM4j . we have extended the notion of varieties of minimal degree to the notion of 
scrollers, where the a lgebraic set is not assumed to be equidimensional, Eisenbud-Green- 
Hulek-Popescu [EGHP] have defined, more generally, the notion of linearly joined varieties, 
without assuming that each irreducible component is a scroll, and they prove that scrollers (I 
use here our definition) are exactly the 2— regular (in the sense of Castelnuovo-Mumford) 
projective reduced algebraic sets. In this paper we continue to investigated about the 
structure of scrollers, in t he first part of the paper we extend the characterization of the 
ideals of scrollers given in [BM4] to the case of linearly joined varieties, as a consequence 
we can compute some invariants of linearly joined varieties, as the depth, the connectedness 
dimension and the arithmetical rank, as a corrolary we can give an effect ive alg o rithm to 
describe equations of lnearly joined varieties, improving previuos results in [BM4], [EGHPJ. 
As an important corollary we get that for the ideal J C S of any 2— regular algebraic set 
wich is a union of linear spaces, the arithmetical rank of J equals the projective dimension 
projdim {SI J}. In particular this is true for square free monomial ideals having a 2— linear 
resolution. Note that this results are independent on the characteristic of the field K. 

In the second part of this paper, we extend the notion of linearly joined varieties to a 
linear-union of varieties, A reduced ideal J C S defines a linear-union of varieties, if J C S 
is the intersection of primes ideals Jl = (Mi, (Qi)) for i = 1, I, where (Qi) is the ideal of 
some sublinear space, satisfying the property: 

s 

J=(M l ,...,M, f](Qi)). 

3=1 

We define a class of linear-union of varieties, defined by "Simplicial ideals", a Simplicial 

ideal is a couple (Pg,A) associated to a simplicial complex A, on a set of vertices G, 
and with facets G\,...,G S , with some properties. Recently, in her thesis work, my student 
Ha Minh Lam [H] has studied a class of Simplicial ideals, which variety is an intersection 
of scrolls, and she has proved that they are scrollers and have a 2-linear resolution. She 
also has studied the reduction number for some class of Simplicial ideals. We apply and 
extends some results of the first part of the paper to Simplicial ideals. In fact the methods 
developped here apply to a more general setting, this is part of my work in progress. 

The author thanks F. Arslan, M. Barile, Ha Minh Lam, A. Thoma , S. Yassemi, U. 
Walther, and Rashid and Rahim Zaare Nahandi for useful discussions. 
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2 Linearly joined varieties 

Definition 1 (See [EGRP},[BM^]) An ordered sequence V\,...,Vi C lP r of irreducible pro- 
jective subvarieties is linearly joined if for any i = 1, — 1 we have : 

V i+ i fl (Vi U ... U Vi) = span(V i+ i) n span(Vi U ... U Vi) 

where span(V) is the smallest linear subspace of IP 1 ' containing V. 

Linearly joined varieties were defined first in [BM4J , assuming that each variety Vi is a scroll 
(there were called scrollers), then it was extended to the general case in [EGHPJ. 

Here we follow the algebraic point of view developed in [BM4] . Let V a K vector space 
of dimension r + 1, S = K\V], the polynomial ring corresponding to the projective space 
IP". For any set Q C V we will denote by (Q) C V the if -vector space generated by Q 
and by (Q) C S the ideal generated by Q. For all m = 1, I, the irreducible variety V m is 
defined by the reduced ideal J m C S. The linear variety £ m := span(V m ) is defined by an 
ideal generated by independent linear forms, so let Q m C V be the linear space such that 
(Qm) is the ideal defining C m . We can write J m = (M m , (Qm)) where M m is an ideal. 

By [BM41 page 163] , to show that the sequence of irreducible projective varieties Vi, V/ C 
IP is linearly joined, ( we will say that the sequence of ideals J\,...,Ji is linearly joined), 
is equivalent to show that for all k = 2, I : 

(*) J k + r\\z\j { = (Q fc ) + (n^Qi). 

It follows from this relation that the sequence £i,...,£i is also linearly joined. We denote 
£ = £i U ... U Ci and Q := (Qi) n ... n (Qj) its dinning ideal. The Theorem 2.1 of [BMil 
page 163], can be extended to linearly joined varieties: more precisely 

Definition 2 let T>\ = Q\, T>i := n}=i Qj- F° r a ^ * = 2, Zet (Aj) 6e a linear space 
such that T>i-\ = fj © (Aj), anc? /et Vi be a linear space such that Qi = Vi®T>i. 

It follows from the definition that V\ = 0,T>i = 0, T>\ 5 ^2 5 ••• 5 is a chain of 

subvector spaces, and P< = 0} =i+ i<Aj). From [BMil page 163], we have that for all 

i = 2, r Vi n !>»_! = 0, Qi + A_i = A (Aj) © ^ 
With the notations introduced before we have: 

Theorem 1 The following conditions are equivalent: 

1. the sequence of ideals J\,...,Ji C S := K\V] is linearly joined, 

2. For all i = there exist sublinear spaces T>i,Vi C V, with T>i = 0,Vi = 0, and 
ideals A4i C K\V] such that 

• a) for all i = 1, I, J { = (Mi, Qi) 

• b) Qi=Vi® Vi 

• c) Vi 2 V 2 5 ... 2 T>i. 

• d) Mi C (Pj_i) /or a// i = 2, 
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• e) Mi C (Vj) for all i = 1, I — 1 and j = i + 1, /. 

• /; r\jZl(Qj) c (n^fc-i) v ^ = 2, 

Proof Though the proof developped in [BM4J page 164] applies here, I will give a shorter 
proof of the implication "1. => 2.". 

The proof is by induction on I. For I = 2, Q\ = (A 2 ) © £> 2 , Q2 = V% © T> 2 with 
(A 2 ) n V 2 = 0, let 5 = if [V], where V D (A 2 ) © P 2 © £>2- The relation (*) implies that 

(Mi) + (M2) C ((A 2 ) © V 2 © 2Ja), 

and without changing the ideals J\ , ^7 2 we can consider the ideal M 1 modulo the ideal 
((A 2 ) © £> 2 ), and the ideal the ideal M 2 modulo the ideal ((A 2 ) © Vi), so we get that 
M 1 C(V 1 ),M 2 0(V 2 ). 

Now suppose that our assertion is true for I — 1, then 

For i = l,...,Z-l, Si = Qj©2?,_i 

^ + rfrlJi = (Qi) + (drXQi) = (Vi © 2>,_i), 

which implies that 

Ml + M2 + ... + Mc(PiffiPi-i), 
by induction hypothesis A^i, A^ 2 , A4j_i are defined modulo (T>i-\) and without changing 
the ideal J\ we can consider the ideal Mi modulo the ideal (Vi), and by the same arguments 
as above we get that for i = l, I — l,Mi C (Vi), and .M/ C (X>/_i). 

Corollary 1 i. £/ie sequence of ideals Ji, Ji <Z S := if [V] is linearly joined, 

2. For all i = 1, i/iere exist sublinear spaces Qi C V, and ideals Mi C if [V] suc/i 

• aj /or a// i = 1, /, J- = (Mj, Qi) 

• b) the sequence of ideals Qi, Qi C S := if [V] is linearly joined, 

• c)Mi C (Qj) /or alli^j,i,j € {1,...,/}. 

Proof 

1. "1. => 2.", is clear from the above theorem. 

2. "2. => 1." We know from [EGHPl Prop. 3.4], that J x , ...,J t C S := if [V] is linearly 
joined, if and only if Qi, Qi C S := if [V] is linearly joined, and for all i 7^ j, i, j G 
{1, 1} the pair Ji, Jj is linearly joined. So it will be enough to prove that i ^ j, the 
pair Ji,Jj is linearly joined, but Ji + Jj = (Qi) + (Qj), by hypothesis so our claim 
follows. 

We also have from of [BM4[ page 164], 

Corollary 2 For any sequence of ideals J\,...,Ji satisfying the axioms a) to e) we have: 

k k 

f]J j = (M 1 ,...,M k ,f](Q j )) 

3=1 3=1 

for all k = 1, /. 



4 



2.1 Equations of linearly- joined Hyperplane arrangements 

As we have seen before if Vi, V/ is a sequence of linearly joined irreducible varieties in 
IF**, then the sequence C\, Ci is also linearly joined. In this subsection we will study this 
situation. We denote £ = L\ U ... U Ci and Q := (Qx) H ... H (Qi) its defining ideal. 

Corollary 3 (See Theorem^ The following conditions are equivalent: 

1. the sequence of ideals (Qi), (Qi) is linearly joined, 

2. For all i = 1, there exist sublinear spaces T>i,Vi, with T>i = 0,Vi = 0, such that 

• a) Qi = Vi® Vi 

• b)V 1 ^V 2 ^ ... D V h 

• c) f)jZl(Qj) C (n,P fe -i) for all k = 2,...,/. 

For all k = 2, Z the sequence C\, is linearly joined in the linear space spanned 
by Ci, C k . Let T> j>k = 0f =J - +1 (Aj), Q Jife := T> j>k . So we have that for j = 1, fc, 
2? = Qj,k®^j,k, Qj,k is the ideal defining £j in {C\, ...,£&), and the sequence Qi^, Q^^ 
is linearly joined. As a consequence of the above corollary we have that f]jZi{Qj,k) (^fc) 
for all k = 2, I. We can now improve the Lemma 3.1 of [BM4| : 

Lemma 1 For any k = 2, ...,Z, 

A; A; 
3=1 3=1 

where ((Aj) x Pj) is £/ie idea/ generated by all the products fg, with f G (Aj),g G 7^. 

Proof The proof is by induction on fe. For k = 2, Qi^ = (A2), <2i,2 = ^2 and (A 2 )nV 2 = 0, 
and S = K[(A 2 ) © P 2 ]- It is clear that ((A 2 ) X V 2 ) C (Qi, 2 ) n (Qi, 2 )- The other inclusion 
follows working modulo ((A2) x V 2 ) and using the fact that (A2) PI V 2 = 0. 
Now suppose that our assertion is true for k — 1, then 

& fe— 1 

n(Qi,fc) = (n)n(U((A i )xP i ,(A & }), 

3=1 3=1 

but by the above corollary U*=i« A i> x V i) c fa), so U?=i(( A j> x Vj) C n*=i(fij,fe), 
again using the fact that (A&) n Vk = we will have our statement. As a consequence of 
the Lemma we get the following characterization of equations of linearly joined hyperplane 
arrangements: 

Proposition 1 (See Theorem^ The following conditions are equivalent: 
1. the sequence of ideals (Qi), (Qi) is linearly joined, 
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2. For all i = I,..., I, there exist sublinear spaces {Ai),Vi, with (A±) = 0,Vi = 0, such 
that 

• a)V i := 0j =m ©(Aj) 

• b) Qi = T>i@ Vi 

• c) For any k = 2, I, and j < k we have 

Proof The above Lemma implies that for all k = 2, / 

k—l k—1 

f|(Q,) = (U« A i> x C (n,2? fc -i). 

Definition 3 (7n view; o/i/ie applications.) Given a sequence of linearly joined linear spaces 
C\ U ... U C\ C iP r , we to// make an extension C\ U ... U C\ C iP((V © V')*). Lei consider 
a sequence of linear spaces Hi, ■■■,Hi, such that F((V © V')*) = IP(V*) © 0' =1 Hi and set 

Ci = Ci © Hi . 

Proposition 2 1. The sequence £iU...U£j C 1P((V©V')*) is linearly joined. Moreover 

Ci n (A u ... u A-i) = A n (A u ... u A-i)- 

2. From the algebraic point of view, let V = ®' =1 Ti, such that Hi is defined by the ideal 
(0jyj^j); so Ci is defined by the ideal (Qi) '■= (Qi © (0j=^ Fj)- With this notation 

f](Q l ) = (f](Q t ),\jQ l xT l ). 

i=i i=i i=i 

Proof 

1. For any % = 2, / we have 

Ci n (A u ... u A-i) c A n (A u ... u A-i) 

= (A © Hi) n (A © Hi © ... © d-i © 
c d n (A + ... + A-i) = A n (A u ... u A-i) 

The last two relations follows since by hypothesis IP({V © V')*) = iP(V*) © 0' =1 Hi, 
and the sequence A, Ci C iP(V) is linearly joined. 
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2. We have the decomposition : 
with 

l i 
Vi = Vi®@F j ,'Di = A©0^. 

Let (Aj+i) be a linear space such that T>i = T>i + \ © (Aj + i), so we have that T>i = 
T>i + i © (Aj+i) © J-"i+i, and applying the lemmg[I] the ideal Di=i(Si) is generated by 

i i 
|J«A<>©^) x {Vi®®?,), 

i=2 j<i 

which is equal to: 

U«A,» x (Vi) U U«Ai» x (0^) U(^) >< CO U(^) x (©**)> 

1=2 i=2 j<j i=2 i=2 j'<j 

but i / i 

U(^)x(0^) = U(^)x(0^), 

j=2 j<i i=2 j^i 

and 

U«Ai» x (® jr.) = Q(©<Ai» x (^) = U(A) x (^), 

i=2 j'<i i=l j>« i=l 

so putting both computations together we get our claim. 

2.2 Depth of linearly-joined varieties 

We recall the following important facts : 

Remark 1 1. Let S = K[G] be a ring of polynomials over a field K, on a set of vari- 
ables G. For any subset a C G, with cardinal carder, the local cohomology group 
H I £ a,Tdcr (K[a]), is an S— module isomorphic to 

K[a-\ ~ X-". 

/-. - \ TAT card a 

ae(l,...,i)+JN 

It then follows that H^ do '{K[a\)-k = for k < carder, and 
dim(H™ d °(K[o-})_ cardff ) = l. 

2. Let J C S be a reduced homogeneous ideal (for the standard grading in the polyno- 
mial ring) Suppose that J doesnot defines a linear space, let h = depth SjJ, then 
Hm{S/ ' J)-(h-i) 7^ for at least some i > 0. 
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3. For any two ideals J\,J 2 <ZS we have the following exact sequence: 

o s/Ji nj 2 ^ s/Ji © s/j 2 s/{Ji + j 2 )^o 

which gives rise to the long exact sequence: 

- Ht\S/J 1 +J 2 ) - Ht{S/JiKj 2 ) -> Ht{SIJi)®Ht{S/J 2 ) -> HtiS/Jx+Jt) -> 

Lemma 2 Lei X\,X 2 C iP* 6e a linearly joined sequence of projective subchemes (having 
a proper intersection). Let J\,J 2 be the (reduced) ideals of definition of X\,X 2 , L\ = 
span(Xi) , C 2 = span(X 2 ) and (Qi), (Q 2 ) its defining ideals. Then 

depth S/ J x C\J 2 = min{ depth S/Ji, depth S/J 2 , dim + Q 2 ) + 1}. 

Moreover since dimS/(Qi + Q 2 ) + I < min{ dimS/Ji, dim. S/J 2 } we have the particular 
cases 

1. If S/J 2 is a Cohen-Macaulay ring then 

depth 5/ Ji n J" 2 = min{ depth 5/ Ji, dim5/(Qi + Q 2 ) + 1}. 

2. // boths S/ J\ , S/ J 2 are Cohen-Macaulay rings then 

depth 5/ J x DJ 2 = dim 5/(2! + Q 2 ) + 1. 

Proof We have that J\ + J 2 = (Qi) + (Q 2 ), so Sj J\ + ^2 is isomorphic to a polynomial 
ring, let h = dim S/J\ + J 2 , and g = min{ dimS/Ji, dimS/J 2 }, it follows that h+ 1 < q. 
So the last two assertions follows from the first one. 
We have the following exact sequences: 

{A) -> n J 2 ) -> HUS/Ji) © H^S/fr) ->-> 

for either i<hoii>h+l and 

(5) - n J 2 ) - H^S/Jx) © H^(S/J 2 ) -> fr*(S/Ji + J 2 ) -> 

-> H^S/J! n J2) -> H^\SIJt) © HJ£\S/J 2 ) -> 
If min{ depth 5/j7i, depth S/J 2 } < h or min{ depth S/J'i, depth S/J 2 } > h we have that 

depth S/Ji nj 2 = min{ depth S/Ji, depth S/J2, dimS/(Qi + Q 2 ) + 1}, 

it remains to consider the case min{ depth 5/ Ji , depth S/J 2 } = h, since the above sequence 
is graded we have for any integer i > : 

— > H^(S/Ji (~1 J 2 )-h+i — * Hm(S/Jl)-h+i © Hm(S/ J 2 )-h+i — > H^(S/J\ + J 2 )-h+i — > 
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but since S/J\ + J 2 is isomorphic to a polynomial ring of dimension h, 
H^(S/Ji + J 2 )-h+i = 0, for any integer i > 0, so we get 

n ^-A+i ~ H^S/J^-h+i © Ht{S/J 2 )- h+i 

Without restriction we can assume for example that h = depth S/ J\ , but 
h < min{ dimS/j7i, dim. S/J 2 }i this implies that J\ cannot define a linear space and so 
'Ji)-h+i 0, for at least some i > 0, wich implies H^S/Ji n J 2 )-h+i / 0. So 

depth S/ Ji nj 2 = h = min{ depth S/Ji, depth S/J" 2 , dimS/(Qi + Q 2 ) + 1}. 

Theorem 2 Lei Vi, V/ C W 6e a linearly joined sequence of irreducible projective sub- 
varieties. Let V = V\ U ... U Vi, J the (reduced) ideal of definition of V, £ = L\ U ... U Ci 
and Q := (Qi) fl ... n (Qj) iis defining ideal, then 

1. depth S/Q = min i=:Li . dim£ m n (£1 U ... U A)} + 2. 

2. depth S/J = min{ depth S/ Ji, depths'/ J h depthS/Q}. 

3. Assume that for all i = the ring S/Ji is Cohen-Macaulay, then we have 

depth S/J = depth S/Q. 

Proof 1. The proof is by induction on I. If I = 2, both rings S/(Q\), S/(Q 2 ) are Cohen- 
Macaulay, so by the above lemma we have 

depth S/Qi n Q 2 = dimSy(Qi + Q 2 ) + 1, 

and dim£i n C 2 = dimS/(Qi + Q 2 ) - 1. 

Now suppose that our claim is true for / — 1 and we will prove it for I. We can apply the 

above lemma to the ideals n*=i ( Qi ) , ( Qi ) so depth S/Q = min{ depth S/ flti (Qi) , dim S/ ( Qi ) + 
(n'=i Qi) [+ 1}, but dim Ci n (£1 U ... U£/_i) + 1 = dim 5/(Qj) + (fltl Qi) and by induction 
hypothesis 

l-l 

depths'/ P| (Qi) = min { dim£ m n (£1 U ... U £;)} + 2. 

i=1 i=l,...,/-2 

So the claim follows. 

2. The proof is by induction on /. The case I = 2 follows from the above lemma. We 
suppose that our claim is true for / — 1 and we will prove it for I. We can apply the above 

lemma to the ideals fltiW)) W) so 

1-1 1-1 

depthS/ J = min{ depth S/ f|G7i), depth ^/(J,), dim S/(J t ) + (f| ^) + 1}, 

i=i i=i 
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but (J t ) + (n'=i Ji) = (Ql) + (flti Qi), so dimS/(Ji) + (nti = dim A n (£1 U ... U 
+ 1, and by induction hypothesis 

i-1 Z-l 
depths/ fl = min{ depth S/Ji, .... depth S/J,, depth 5/ p| (&)} 
i=l i=l 

So by using our claim 1. the claim 2. follows. 

The proof of the claim 3. follows by the same arguments developed in the proof of the 
claim 2. 

Corollary 4 Let C\ U ... U Ci C W be a sequence of linearly joined linear spaces, and 
consider its extension C\ U ... U Ci C F{(V © V')*), as defined in the Definition^ Then 

i i 
depthK[V(BV']/ f)(Qi) = depth K[y]/P(Qi). 

i=i i=i 

Prom the proof of the Lemma [2] we also get: 

Corollary 5 Let J\, ...,Ji C S be a sequence of ideals. Then 

1. If S/ J\ , S/ J 2 , S/{J\ + J2) are Cohen-Macaulay rings and 
dimS/(j7i + J2) < min{ dimS/Ji, dimS 1 /^}, then 

depth S/ J x nj 2 = dim5/(Ji + J 2 ) + 1. 

and Sj J\ n J2 is Cohen-Macaulay if and only if 

dimS/Ji = dimS/Ja = dimS/(Ji + J 2 ) + 1. 

5. If S/J\,...,S/Ji are Cohen-Macaulay rings of the same dimension d and for all 
i = 2,..., I, «Sy(j7i+i + D}=1 * s a Cohen-Macaulay ring of dimension d — 1 f/ien 
S/(f]j =1 J'j) is a Cohen-Macaulay ring of dimension d. 

Remark 2 The proof of the Lemma [3 provides an effective way to compute local cohomol- 
ogy modules for linearly joined varieties, it should be interesting to study such kind of local 
cohomology modules. 

The next result was proved in IXHII' . we give here a shorter proof. 

Theorem 3 Let V\, ...,Vi C W be a linearly joined sequence of irreducible projective sub- 
varieties. Let V = V\ U ... U Vi, J the (reduced) ideal of definition of ' V, C = £1 U ... U £/ 
and Q := (Qi) D ... D (Qi) its defining ideal, then 

reg (J) = max{2, reg(Ji),..., ieg(Ji)}. 
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Proof For I = 2, our assertion is clear from the following exact sequence 

HmiS/Ji n J 2 )-h+j — > H^(S/Ji)^ h+ j © H^ l (S/J 2 )-h+j — > H^(S/Ji + J 2 )-h+j — > 

- H^\S/J 1 n J 2 )_ ft+j - HH+^S/JJ-h+j © H^ l {S/ J 2 )~h+j - o 
i/ie general case follows by induction on I. 

Example 1 Consider S = K[a,b,c,x,y,z,u] the ring of polynomials, and 

Ji = (a,b,c);J 2 = (y,z,a,b);J 3 = (x,z - u, b, c);J 4 = (x-u,y- u,a,c). 
The sequence J\,...,Ja is linearly joined: 

• Ji + Ji = (y, z, a, b, c) 

• Jz + Ji (~1 J 2 = (a, b, c,x,z - u) 

• Ji (~l J 2 fl J-& = (b, ac, az — au, ax, cz, cy), and J4 + J\ n J2 H J3 = (a, b,c,x — u,y — u) 
In this case depth (5/ Di=i <^i) = 3. 

2.3 Cohomological dimension 

Let I C S be an ideal (in our situation S will be a graded polynomial ring). The cohomo- 
logical dimension cd(T) is the highest integer q such that Hj(S) 7^ 0. In this subsection 
we compute the cohomological dimension for some sequences of linearly joined ideals. 
For any two ideals J\,J 2 C S we have the following exact sequence: 

-> s/j x nj 2 ^ s/j 1 © s/j 2 -> 5/(Ji + j 2 ) -> 

which gives rise to the long exact sequence: 

Theorem 4 Xei Vi, V; C IP r be a linearly joined sequence of irreducible projective sub- 
varieties. Let V = Vi U ... U V; ; Ji (resp. J) the (reduced) ideal of definition of Vi (resp. 
V), C = C\ U ... U Ci and Q := (Qi) n ... fl (Qi) its defining ideal. We assume that each Ji 
is a stci. 

1. cd(J) = maxj = 2,...,/{ dim K (Pi + T>i-i) - 1}. 

2. cd(J)= cd(Q)= projdim (S/Q). 
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Since each Ji is a stci, we have that J{ can be generated up to radical by a regular sequence 
of ht(j7i) elements. Let qi := ht(j7i) then cd(j7i) = qi, also by definition of linearly joined 

ideals, (we use freely the notations of section 2.) for i = 2, I we have (J,i) + (D}=i Jj) C 

(Pj + A-i), wich implies that 

cd((^i)= ht(Ji) < ht(n + A-i)= dim K (n + ^-i) = cd(n + A-i)- 

The same relation also implies cd((j7i) = ht(j7i) < cd(7 , 2+^ ) i)- The proof is by induction: 
For z = 2, let /i = cd(7- , 2 + we have 

- #3frk(S) ^W^) "> H JiW © ^(S) - H h Jinj2 (S) - . 

which implies that cd(Ji n J2) = cd(7 3 2 + ^1) — 1- Now by induction suppose that i > 3 
and 

i-1 

cd(f] J,) = max J= 2,...,j-i{ dim^^- + - 1}. 

we consider the exact sequence: 

where H j +l x {S) = 0, H^S) = 0, for j > h. This implies that 

i i—l 

cd(P) J,) = mox{ cd((P) Jj), dim^(Pj+Pj_i)-l} = max j=2 ,...,i{ dim K (Pj+T>j-i)-l}. 

3=1 3=1 

his completes the induction. The second assertion follows from our proof. 
2.4 Connectedness dimension 

Definition 4 We recall the definition of connectedness dimension for a noetherian topo- 
logical space T: 

c(T) = min{ dimZ : Z C T, Z is closed and T \ Z is disconnected}. 

Let if be an algebraically closed field. For any ideal radical ideal I in a polynomial ring S 
over K , we set c(S/I) for the connectedness dimension of the affine subvariety defined by 
X in Spec(S). 

Let remark that if V C iP", is a projective variety defined by a homogeneous reduced ideal 
2 C S, then c(S/Z) = c(V) + 1. I this section we will use the notations and the results of 

[?]■ 

Theorem 5 Let X be a topological space, A,BcX two closed subspaces having no relation 
of inclusion, then 
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1. c(AuB) < dim (An B); 



2. if An B is irreducible then c(A U B) < c(A); 

3. If B is irreducible then c{A U B) > min{c(A), dim (A n B)}; 

4. If B, A n B are irreducible then c{A U B) = min{c(A), dim (A n B)}. 
Proof 

1. It follows from the relation (A U B) \ (A n B) = (A \ (A n B)) U (B \ (A n S)). 

2. Let Z C A be a closed set such that A \ Z is disconnected, it will be enough to prove 
that (A U B) \ Z is disconnected. 

Assume that (A U B) \ Z is connected, by hypothesis we have that A \ Z = U± U U 2 , 
with U\,U 2 non empty closed sets in A \ Z, such that C/i fl U 2 = 0. We have that 
(AUB)\Z = Ui\JU 2 UB\Z, and Ui, U 2 ,B\Z are non empty closed sets in (AuB)\Z. 
If U\ <T\ B \ Z = $ then we can write (A U B) \ Z = U\ U (U 2 U -B \ Z), which proves 
that (A U S) \ Z is disconnected, we get the same conclusion if U 2 PI -B \ ^ = 0. So we 
have that C/i n 5 \ Z / and U 2 n S \ Z / 0, but we have that 

(A n B) \ Z = (A \ z) n (B \ Z) = (U\ C\B\Z)C\ (u 2 n B\Z) 

this is a contradiction since A n -B is irreducible, showing our claim. 

3. Let ZcAU.Bbea closed set such that A U B \ Z is disconnected, it will be enough 
to prove that either dimZ > dim (A n B) or dimZ > c(A). By hypothesis we have 
that (A U £) \ Z = Ui U f/ 2 , with C/i, f/ 2 non empty closed sets in (A U B) \ Z, such 
that Ui n C/2 = 0, this implies that A \ (A n Z) = A\Z = (Ui n A) (J (U 2 n A), if 
both U\ fl A, C/2 H A are non empty, this relation implies that dimZ > c(A) and we 
get our claim. So we can assume that either U\ fl A = or C/2 fl A = 0. On the other 
hand we have that B\Z = (U± Ci B) \J (U 2 C\ B) and by assumptions B is irreducible 
so we have either Ui D -B = or C/ 2 n B = 0. So we have A \ Z = C/j and B\Z = Uj 
for {i, j} = {1, 2}. These last two conditions imply that A n B C Z, since A \ Z and 
B\Z are disjoint, so we get that dimZ > dim (A n -B) and our claim is proved. 

4. Follows from the preceding assertions. 

Theorem 6 Let X be a topological space, Ai, Ai C X be a sequence of closed irreducible 
subspaces such that for any i = 1, — 1 £/ie intersection Aj+i fl (Ai, Aj) is irreducible 
then: 

1 

c(l J Ai) = min { dim Aj+i !~l (Ai U ... U Ai)}. 
^ i=l,...,l-l 
i=l 

In particular let V\, ...,Vi C IP"" be a linearly joined sequence of irreducible projective subva- 
rieties, Ci =< V« > for i = 1, /. Le£ V = Vi U ... U V;, ^7 i/te (reduced) ideal of definition 
ofV, C = C\ U ... U C\ and Q := (Qi) n ... fl (Q/) its defining ideal Then 
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1. c(V) 



min { dim A+i n (£% U ... U Q)} = c{C). 



2. c{S/J) = c{S/Q) = depth S/Q - 1. 



3. Assume that for all i = 1, ...,l, Vi is arithmetically Cohen-Macaulay then c(SfJ') = 
depth S/J-l. 

Proof The proof is by induction on I. For I = 2, since A\,A2 are irreducible, we have 
from the above theorem that c(A\ U A2) = dirndl n A2, so our claim follows. 

Suppose that our claim is true for I — 1. By the claim 4. of the above theorem, we have 
that c(Ai U ... UAi) = min{c(^i U ... UAi-i),Ai n (Ai U ... U^_i)}. Our claim follows by 
using the induction hypothesis. 

The claim 1., 2. and 3. are consequences of the Theorem [2j 

Remark 3 It should be interesting to study ideals Z in a polynomial ring S, having the 
property c(S/I) = depth S/I — 1. Let recall that Hartshorne have introduced and studied 
the varieties connected in codimension one. 

2.5 Arithmetical rank of linearly-joined linear spaces 

In this section for the c omputation of the arithmetical rank we use the following result of 
Schmitt and VogeljS^V]: 

Lemma 3 Let R be a commutative ring, with identity. Let P be a finite subset of elements 
of R. Let Pq, ...,P r be subsets of P such that: 



• (ii) Pq has exactly one element; 

• (Hi) If p and p" are different elements of Pi (0 < I < r) there is an integer V with 
< I' < I and an element p' € Py such that (pp") m G (p 1 ) for some positive integer 
m. 



Theorem 7 Let V be a K— vector space of dimension r + 1, S = K\V], the polynomial 
ring graded by the standard graduation and IF~ the projectif space associated to S. Let 
C = C\ U ... U Ci C IP" be a linearly joined sequence of sublinear spaces, Qi C V be a linear 
space defining Ci, for i = 1, and Q := (Qi) n ... fl (Qi) the defining ideal of C. We use 
the notations and results of section 1^.1. 

There exists an ordered subset x\,...,x n of U2<«<; ^« U such that we can arrange 
the generators of (Qi) fl (Q2) H ... n (Qi) = U2<i<i ^-i x * n ^° a triangle having L(l) := 
max2<«<;{ card (Pi) + card(-Dj_i) — 1} lines, as follows: 



• (i)\J l=0 Pi=P; 



We set qi = J2 P £P t P- Let (P) be the ideal generated by P, then 



rad (P) 



rad (q , ...,q r ). 



(1) 



14 



£2^2,0, £1X1,1 (2) 
^3^3,0, ^2^2,1' 2^1,2 (3) 



XjXjfi, Xj-lXj-. lf l, . . . XlXlj-l (j) 

satisfying the properties: 

1. For any positive integers j,m we have Xj^ = x mj o, in what follows we set Xj t o = x n 

2. All the products containing x n appear in the left diagonal of the triangle. 

3. All the products containing x\ appear in the right diagonal of the triangle. 

4- For any X{ appearing in the left diagonal, there is no holes in the right diagonal labelled 
i consisting of XjXj.o, ...,XiXi >Si and the elements of the set {x^o, 2Ci,i, Xi, Si \ are all 
linearly independent. In what follows we will set Xij be the linear space spanned by 

5. for any m > i and k if there are two products XiXi^-i, x m x mt k-m we have : 

• If x m £ Xi Si then there exist some s < k such that x m € Xj s 

• If x m £ Xi )S . then there exist some s < k such that x„ h k+i-m £ Xi >s . 

The proof is given by induction on /, the number of irreducible components. For / = 2, 
take any basis P2 of V2, so we can range the elements in A2 x P2 in the following triangle 
of card (A2) + card (P2) — 1 lines: 




Case 1 = 2 
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It is then clear that the theorem is true for 1 = 2. 

Suppose that the theorem is true for I — 1 > 2, and we must prove it for I. 

The proof is constructive and gives an algorithm to find a basis of Vi and to compute 
ara((Qi)n(Q 2 )n... D (&))• 

By definition of Di-\, we can write (Qj) = (Q^,.Dj_i) for i = 1, — 1. By induction 
hypothesis the generators of (Q[) n (Q' 2 ) n ... PI (Q^x) are ranged in a triangle, satisfying 
the theorem, then we will define an ordered basis Pi of Vi, and we form a new triangle by 
adding the quadratic elements in A/ x P[ as a diagonal on the left or the right side of this 
triangle. 




As a consequence we have that if L(l — 1) is the number of lines in the triangle corre- 
sponding to (Qi) n (Q' 2 ) n ... n (Q'i_ x ), then: 

= max{ card (Pi) + card (A;) - 1, L(l - 1) + card (A/)} 
= max{ card (Pi) + card (D.:{) — lj. 

2<i<l 

Now let go to the proof. By induction hypothesis there exists an ordered subset x\, x n 
of U 2 <;,<z-i ^» U -fi such that we can arrange the generators of (Q[) D (Q' 2 ) ^ ••• ^ = 
U 2 <i<«-i Aj x Pi into a triangle of L(l — 1) lines, as follows: 

XlXlfi (1) 
£2^2,0, (2) 

^3,0, » 2 a; 2) i, xixi )2 (3) 



XjXjfi, Xj-lXj-l,!, . . . XlXlj-l (j) 



where Xj t o = x n satisfying the properties in the theorem. 
Let x G A; = .D/_i. We consider two cases: 
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• x n {Vi). We know that U2<i</-i A; x P 8 c (T 7 /), in particular for any product in 
the left diagonal XjX ra G (Vi) we have that Xi G (Pi)- Let the set Pi a basis of V\ 
containing the elements appearing in the left diagonal and multiplying x n , note that 
by the point 4 of the theorem they are linearly independent. 

We set x n +i = x, and we add a left diagonal corresponding to all elements in A/ x P[. 
Then we can range the elements in {x} xP|U U 2 <i<i-i x Pi the triangle: 



x\x n+ i (1) 

X 2 X n +i, XxX n (2) 

X3X n +l, X 2 X n , XiXi,i (3) 

XAXn+1, X 3 X n , X 2 X 2 ,1, XiXi j2 (4) 

XjX n+ l, Xj-lX n , Xj- 2 Xj- 2 ,l, . . . XlXlJ- 2 (j) 



It is clear that we get the required properties in the theorem. 

• Second case x n E (Vi), Set xo := x, xo,o := x n . We define now by induction an ordered 
basis of Vi, and we add a right diagonal corresponding to all elements in {x} x P;. 
Then we can range the elements in {x} x Pi UU 2 <i<z-i ^-i x Pi m the following triangle: 



x x n (1) 

xix„, x x ,i (2) 

X 2 X n , XlXl,!, X X ,2 (3) 

X 3 X n , X 2 X 2 ,1, XlXl j2 , x x , 3 (4) 

Xj-lX n , Xj_ 2 Xj_ 2j l, . . .XlXlJ_ 2 , XQXoj-1 (j) 



Let 7i s : Suppose that we have defined xo,o> -^xo^ lineal independent elements in Vi, 
and there exists an integer k > s, such that for any product xixij^i with I < j < k, 
we have 

a) If xi G Vi, then x/ G (Pi) s , where (Vi) s = (x ,o, x 0)S ); 

b) Uxi^Vi then xij-i G (Vi) s . 
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We call k(s) the biggest integer k for which 7i s is true. 
The hypothesis Ho is clearly true. 

We suppose that Tt s is true. If k(s) = L(l — 1) + 1 then in order to finish the proof of 
the proposition, we complete to a basis of V\. 

So suppose that k(s) ^ L(l — 1) + 1, let 1 < i < k(s) be the smallest integer such that 
for XiXi^ s ^ + i_i the statement in 7i s is not true, so we have two cases: 

— If Xi G Vi, first we show that necessarily i = k(s). Suppose that i < k(s) 
then k(s) —i>l, the element »iXifc( s )_i appears in the line k(s), so by induction 
hypothesis x% G {Vi) s , in contradiction with the choice of i. In conclusion i = k(s) 
and XiXi^ s ) +l _i = x k ^x k ^ tl . We set x , s +i := x fc(s) , so H s+ i is verified in this 
case 

- If Xi Vi, then x ijfe(s)+1 _j G T 7 /, but x ijA .( s)+1 _ i (7^} s , we define x ,s+i := 
x i,k(s)+i-i- I n order to verify Ti s +± it will be enough to proof that for any m > i, 
and the element x m x m fc ( s ) +1 _ m we have either x m G {Vi) s +i, or x m G" and 
x m,fc(s)+i-?n G (Pi)s+i- We have to consider several cases 

* If fe(s) + 1 — m = 0, then Xfc( s ) +10 = £o,Oi so this case is clear; 

* if k(s)+l— m > 1, then by induction hypothesis, for the product x m x^ k ^ + i_ n 
we have either x m G X i>fc(s) or x m ^ s)+1 _ m G X i)fc(s ). 

If x m G -2Q,fc( s ), then for each j < k(s) we have that Xij G {Vi) s , it then 
follows that x m G (7^) s - If ^m,ifc(s)+l-m £ ^i,fe(s) we have again that 
^m,fc(s)+i-m G (^)s- Tne theorem is over. 

Theorem 8 In this theorem K is considered to be algebraically closed. Let L\, ...,Ci C W 
be a linearly joined sequence of linear spaces, Let Qi be the ideal of definition of Li, and 
Q := (Qi) n ... n (Q,) then : 

c(S/Q) = dim S- ara(Q) - 1. 

ara(Q) = dimS - depth(S/Q). 
ara(Q)= projdim (S/Q) = cd(Q). 

Proof. It follows from the Theorem [6] that c(S/Q) = depth (S/Q) — 1, and from the 
above theorem we have that 

ara(Q)< dim S - depth(S/Q) = dim S - c(S/Q) - 1, 

on the other hand, by [B-Sj . 19.5.3 

c(S/Q)> dim S- ara(Q)-l, 

so we have both equalities in the claim. Recall that by the Auslander-Buchsbaum's theorem 
duns' — depth(S/Q) = projdim (S/Q). The last assertion follows from the Theorem |U 
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Example 2 Consider again the example 1. S = K[a,b,c,x,y, z,u], and 

Ji = (a,b,c);j2 = (y,z,a,b);J 3 = (x,z - u, b, c); Ja = (x - u,y - u,a,c). 

C\t=i Ji is generated by the following terms ordered in a triangle): 

cb 

ca ab 
cy ax b(x — u) 

cz a{z — u) b{y — u) 

So rii=i Ji = ra d ( c ^> ca + a b, cy + ax + b(x — u),cz + a(z — u) + b(y — u)). 
As a corollary we get the following important theorem. 

Theorem 9 For any square free monomial ideal Q C S having a 2— linear resolution, we 
have 

ara(Q)= dim S — depth(S/Q). 

Moreover computing depth(S/Q), ara(Q) and a set of generators up to radical for Q is 
effective. 

Let remark that Herzog-Hibi-Zheng have proved in [HHZ] that any square free monomial 
ideal Q C S having a 2— linear resolution, has the property that any power Q k has a linear 
resolution. In a work in progress we are trying to extend this result to any linearly joined 
hyperplane arrangements. 

2.6 Linearly joined tableau, Ferrer's tableaux. 

Definition 5 Suppose that for alii = 1, I, there exist subsets Aj, Pi, with A\ = 0, Pi = 0, 
such that Pi Hljj- = i+i Aj = 0. We will say that the elements in U2<i<z x 'Pi are ran ged in 
a "linearly joined tableau" if there exists an ordered subset x±, ...,x n of \J 2 <i<i U Vi such 
that we can arrange the elements of U2<i<« ^i x ^ * n ^° a triangle satisfying the properties 
of the Theorem \7\ 

We have the followig consequence: 

Corollary 6 Any linearly joined sequence of hyperplane arrangements, with ideal Q C 
S, determines a linearly joined tableau and reciprocally. Moreover projdim (S/ Q) is the 
number of lines in a linearly joined tableau. 

Note that a linearly joined tableau should be unique up to some operations. This is part of 
a work in progress. 

The monomial ideals associated to Ferrer's tableaux or diagram are a particular case 
of the above construction. Using the notations of the Corollary EJ we can describe a Fer- 
rer'ideal. 

A Ferrers diagram is a way to represent partitions of a natural number N. Let N, m be 
a natural number. A partition of N is ci sum of natural numbers: N — Ai -\- A2 ~\~ ••• ~\~ A^, 
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where Ai > A2 > ••• > A m . A partition is described by a Young diagram which consists 
of m rows, with the first row containing Ai boxes, the second row containing A2 boxes, 
etc. Each row is left-justified. Let X m +i = 0, 60 = 0, and 6% be the highest integer such 
that Ai = ... = Xs 1 , and by induction we define <5j + i as the highest integer such that 
A<5 t +i = ••• = A<s i+1 , and set I such that 5i-± = m. Let n = Ai, we consider two disjoint sets 

of variables : {xi,x 2 , ...,x m }, {2/1,2/2, -,Vn}- For i = 0, - 2 let 

= {x Si+ i,...,x Si+1 },U. i+ 2 = {yx m _ i+1 +i,-,yx m _i}- 

i+2 

and Pj+2 = IJ IIj. The Ferrer's ideal corresponding to the Ferrer's tableau is generated by 

I 

T F = (|J A, x P^. 

i=2 

So we have the following: 

Proposition 3 Let I > 1 be a natural number and for i = 1, I consider two families of 
subsets Aj,IIj such that V = 0' =2 ((Aj) © (iL)) is a decomposition into linear spaces, and 
let 

k I 

p fe = 0(n J ),p fc _ 1 = 0((A J }), 

i=2 i=k 

Qk = fc, an d (Qk) C K[V] be the ideal generated by Q^. Then the linearly joined ideal 

Q = 0i=i(Qfe) * s a Ferrer's ideal. Reciprocally it is immediate to see that any Ferrer's 
ideal is obtained in this way. Moreover Ferrer's ideal are characterized as those linearly 

joined ideals (see Corollary^) Q = 0^=1 (Qfc), with Qk = Vk ffi^fe, arrangements of linear 
spaces for which we have the inclusions P2 C P3 C ...Vi and such that V = T>\ V\. 

Proof Applying the algorithm described in the proof of the Theorem [7] gives the following 
tableau, we recognize a Ferrer's tableau, reciprocally any Ferrer's tableau gives rise to such 
decomposition. 
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As a consequence we have 
Corollary 7 For any Fewer' s ideal T\ d S ? with label Ai ^ A2 ^ ... ^ A m 

1 . The minimal primary decomposition of Z\ is given inthe above proposition. 

2. projdim (S/l x ) = max™ JA; + * - 1}. 

3. ara(Z\) = ccI(Xa) = projdim (S/I\). In fact projdim (S/I\) is the number of 
diagonals in a Ferrer's tableau. 

I c(S/l x ) =E£i {(A m - Xi) + (m - i)}. 

Items 1. and 2. were proved by Corso-Nagel in [CN]. 

2.7 Generalized trees, square free monomial ideals 

Let K be a field, and let R = K[x±, x n ] be the ring of polynomials. Let A be a simplicial 
complex of dimension d, on the vertex set V = {x\, ...,x n }. Let Ia be the ideal of R = 
xi, x n ] generated by the products of those sets of variables which are not faces of A. 
The ring S = K[x\, ...,x n ]/lA is called the Stanley-Reisner ring of A over K. It holds that 
dimS" = d + 1. The graph associated to A will be the (1-dimensional) graph G(A) on the 
vertex set V whose edges are the 1-dimensional faces of A, (often named the 1-skeleton of 
A). Vice versa, if G is a graph on the vertex set V, we shall consider the simplicial complex 
associated to G, denoted by A(G), whose maximal faces are all subsets F of V such that 
the complete graph on F is a subgraph of G. 

Definition 6 A generalized d—tree on V is a graph defined recursively as follows: 
• (a) The complete graph on a set ofd+1 elements ofV, is a d— tree 
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• (b) Let G be a graph on the vertex set V . Suppose that there exists some vertex v S V 
such that: 

— the restriction G' of G to V = V \ {v} is a generalized d — tree, and 

— there exists a subset V" C V of exactly 1 < j < d vertices, such that the 
restriction of G to V" is a complete graph, and 

— G is the graph generated by G' and the complete graph on V" U {v }. 

The vertex v in the above definition will be called an extremal vertex. If always j = d in the 
above definition then we say that G is a d—tree. In all this paper we will use the terminology 
generalized tree, instead of generalized d—tree. 

We can quote the following theorems of Froberg [Frj : 

Theorem 10 The Stanley Reisner ring of A is a Cohen- Macaulay ring of minimal degree 
if and only if 

• the graph G(A) is a d—tree and 



Theorem 11 The Stanley Reisner ring of A has a 2-linear resolution if and only if 
• the graph G(A) is a generalized tree and 



Let A a simplicial complex as in the above theorem, in the rest of this paper we will 
say that A is a generalized tree. 

Example 3 Let T\ be the Stanley- Reisner ideal defined by the simplicial complex: 



• A = A(G(A)). 



• A = A(G(A)). 



d 




f 



e 



then the generators ofT\ can be ranged in the following linearly joined tableau: 




fa 



(1) 
(2) 
(3) 
(4) 
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Example 4 Let I2 be the Stanley- Reisner ideal defined by the simplicial complex: 




then the generators 0/T2 can be ranged in the following linearly joined tableau: (1st step 
adding g ) 

gd (0) 

fd, ge (1) 

ad, fe, gb (2) 

de, ae, fb, ga (3) 

fa, gc (4) 



(2nd step adding g,h) 



(3th step adding g,h,i) 



hd (-1) 

gd, he (0) 

fd, ge, hb (1) 

ad, fe, gb, ha (2) 

de, ae, fb, ga, he (3) 

fa, gc (4) 

id (-2) 

hd, ie (— 1) 

gd, he, ib (0) 

fd, ge, hb, ia (1) 

ad, fe, gb, ha, ic (2) 

de, ae, fb, ga, he (3) 

fa, gc (4) 
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Example 5 Let I3 be the Stanley- Reisner ideal defined by the simplicial complex: 



t> d S 




then the generators ofI 3 can be ranged in the following linearly joined tableau: 
(4th step adding g, h,i,j) 



jd 


(-2) 


id, ji 


(-2) 


hd, ie, jh 


(-1) 


gd, he, ib, jg 


(0) 


fd, ge, hb, ia, je 


(1) 


ad, fe, gb, ha, ic, jb 


(2) 


ae, fb, ga, he, ja 


(3) 


fa, gc, jc 


(4) 



3 Linear-union of varieties, simplicial ideals 

Definition 7 A reduced ideal J C S defines a linear-union of affine varieties, if J is the 
intersection of primes ideals Ji = {Mi, {Qij) fori = 1, where (Qi) is the ideal of some 
sublinear space, satisfying the property: 

s 

J=(M 1 ,...,M,f)(Q i )). 

3=1 

s 

Definition 8 Let consider a set of variables G and a decomposition G = [J G\ into distinct 

i=i 

sets Gi. For any i = 1, ...,s, let Li C K[G] be a set of polynomials, such that Li C (Gj) 2 . 
For i 7^ j, we set Gij = Gi n Gj, Lij = Lj ("I (Gij), Iij C K[G] be the ideal generated by 
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s s 

Lij, h,i C K[G\ be the ideal generated by Li \ Uj^Lj, We set 1^ = ^ Iq = ^ Ijand 

j=i j=i 

s 

V G = (I G , p| (G \ Gj)). We assume 

3=1 

• Ii is a prime ideal for any i 

• For any k, I and j ^ k,l we have 1^,1 C (G\Gj). 
We call Vg cl simplicial ideal. 

We can prove our first theorem: 

Theorem 12 Simplicial ideals define linear-union of varieties, more precisely : ifVc is a 
simplicial ideal then 

V G =f)(Ij,(G\Gj)). 

3=1 

We prove the two inclusions: 

• " C ": Since for k / j,l we have that Iji C (G\G k ), it follows that Iq = I k + 
Ej i^k hi c (4 + ( G \ °k)), on the other hand for any k, n s j=1 (G \ Gj) C (G \ G k ), 
and so V G = (I G , D s j=1 (G \ Gj)) C nf =1 (4, (G \ G k ), 

• " D " : Let V D Vg be a minimal associated prime of Vg, then V Z> Hj =1 (G \ Gj) and 
since (G\Gj) is a prime ideal, there exist some I such that V D (G\Gi), on the other 
hand since P D P G D /j, it follows that "P D (Ii,G\Gi), and (Ii,G\Gi) is a prime 
ideal containing "P by the first item. In conclusion the minimal associated primes of 
V are the prime ideals (//, G \ Gi), for I = 1, s. 

Secondly we compute for / = 1, s, the (//, G \ G/)-primary component of V. In fact 
we will prove that 

?V;,G\G;) = Vl, G \ Gi)(Jj,G\Gj) ' 

which will imply that P is reduced and we will get our claim. Let j ^ I, since there 
exist at least one element x G Gi \ Gj, and C (G/) 2 , we get that x g" {Ii,G \ Gi), 
and (G \ Gj)(j u G\G t ) = (1)) this implies that 

'P(I l ,G\G l ) = ( J G,n* =1 (G\Gj)) (7(!G \ G() = (I G , (G\Gj))(j,,G\G,) = (-*!> (G\Gj))(j,,G\G,), 
because I^j C (G \ G/) for any j,k ^ I, and we are done. 
Corollary 8 

dim(^/P G ) = max { dim (71/ (Ii, G \ G/))} = max { dim (#[G; ]/(/*))}■ 

Z=l,...,s i=l,...,s 

// all our ideals are homogeneous 

deg(TZ/V G )= E deg(ft/(J,,G\G,)). 

dim(W/(7i,G\Gi))= dim(K/V G ) 
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We illustrate the definition of simplicial ideals by the following examples. In these examples 
we can apply the methods developped above for a linearly joined sequence of ideals, in order 
to compute projdim (K[G]/V G ), depth (K[G]/V G ), c(K[G]/V G ) and cd{V G ). For all of 
them K\G\jV G will be a a Cohen-Macaulay ring, by the Corollarj|5l We introduce some 
methods in order to compute the arithmetical rank. We will use it in the next section. 

Example 6 Let G\ = {d, b, c, yi, y 2 }, G 2 = {a, b, c, yi, y 2 , zi, z 2 }, G 3 = {e, a, c, z\, z 2 } and 
I\ j2 be the ideal generated by the 2x2 minors of the matrix M\, I 2 ^ be the ideal generated 
by the 2x2 minors of the matrix M 2 , where 

M 1= ( b Vl m ),M;-( a Zl Z2 



yi y 2 c J \z 1 z 2 c 

we can check easily the hypothesis in the definition of a simplicial ideal. Note that I 2 :- 
I\ 2 + 12 3 is a prime ideal because it is the toric ideal of the variety parametrized by 



then: 



and 



s 3 , c = t 3 ,a = u 3 , y± = s 2 t, y 2 = st 2 , z\ = u 2 t, z 2 = ut 2 , 



V G := {Ii,2,h,3,da,de,be,dzidz 2 ,eyi,ey 2 ) = 
(h, 2 ,a,e,zi,z 2 ) n (h, 2 ,I 2 ,3,d, e) n (I 2 ,3,b, d, yi,y 2 ), 



V G = ^(Ii i2 ,I 2t3 ,da,de,be), 
remark that z\ = az 2 mod/2,3; so {dzi) 2 = (da)(dz 2 ) mod/2,3; this shows that dz\ € 



(A,2; ^2,3; da, de, be), in the same way we can prove that dz 2 , ey\, ey 2 E y {I\ )2 , 1 2 ,3, da, de, be), 

which proves the equality proposed. 
Let remark that : 

ht(V G ) = 6, ara{I 1>2 ) = ht/ 1)2 ) = 2, ara(I 2j3 ) = ht/ 2 , 3 ) = 2, 



and (da, de, be) = \J (de, da + be), it then follows that V G is a stci. 

Example 7 LetG = {a, b, c, d, e, f, g, h, i, I, m}, Gi = {d, b, c, f, g, 1},G 2 = {a, b, c, f, g, h, i}, G 3 
{e,a,c,h,i,m} and L\ be the set of 2 x 2 minors of the matrix M\, L3 be the set of 2 x 2 
minors of the matrix M 2 , where 

Mi = (b f g l\ _ (a h i m 



f g c d ) \h i c e 

We have that I\,I 3 C (G 2 ), and we have that I 2 := I\ )2 + I 2j 3 . I\,I 2 ,I 3 are prime because 
they are toric ideals, and 

V G := (l\,l 3 ,ad, al, be, bra, de, dh, di, dm, ef, eg, el, fm, gm, hi, il, Im) 

is equal to 

(h,a,e,m,h,i) n (h, h,d,e,l,m) n (h,b,d, f,g,l), 
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and projdim (K[G]/Vg) = 8. On the other hand 



Vg = V {h, h, ad, al, be, bm, de, dm, el, Im) , 

remark that h 2 = ai mod/3, so (dh) 2 = (da)(di) mod/3, this shows that 

dh € \J lz, ad, al, be, bm, de, dm, el, Im), in the same way we can prove our assertion. 
Let remark that : 

Yit(V G ) = 8, ara(ii) = ht(ii) = 3, ara(J 3 ) = ht(/ 3 ) = 3, 

and (ad,al,be,bm,de,dm,el,lm) = y/ (de, el + md, eb + ml + ad, mb + Id), it then follows 
that ara('PG') < 10. It should be interesting to improve this inequality. Note that cd(VG) = 
8,c(K[G]/V G )=2. 

Example 8 Let G\ = {d, b, c, f, g, I}, G2 = {a,b,c, f,g,h,i},G^ = {e,a,c,h,i,m} and L 
be the set {h 2 — ai, f 2 — bg, ch — i 2 , cf — g 2 , be — fg, ac — hi, b 2 d — I 3 , ae 2 — m 3 }, this set is 
a generator of the toric ideal It parametrized by u 3 — a,s 3 — b, t 3 — c, v 3 — d, w 3 — e, s 2 t — 
f, st 2 — g, tu 2 — h, t 2 u — i, s 2 v — I, uw 2 — m. We have that 

Li = {f 2 - bg, cf - g 2 , be - fg, b 2 d - I 3 }, 

L 2 = {h 2 - ai, f 2 - bg, ch - i 2 , cf - g 2 , be - fg, ac - hi}, 

L3 = {h 2 — ai, ch — i 2 , ac — hi, ae 2 — m 3 }. 

The ideals I\,l2,Iz, generated respectively by Li,L 2 ,L^ are prime, because they are toric, 
Then we have that: 

Vg '■= {Jt-, da, de, dm, dh, di, be, bm, al, ef, eg, el, fm, gm, hi, il, Im) 

is equal to 

(h,a,e,h,i,m) n (I 2 ,d,e,l,m) n {h,b,d, f,g,l), 

On the other hand 

Vg = \Jlr,da,de,be), 

remark that h 2 = ah mod/3 ; so (dh) 2 = (da)(di) mod/3, ^ s shows that dh G \J (It, da, de, be), 
in the same way we can prove that dm, di, bm, al, ef, eg, el, fm, gm, hi, il, Im G \J (It, da, de, be), 
which proves the equality proposed. Also we have that ara(/i) < 3, ara(/s) < 3, so 
ara(/r) < 6, which implies that: 8 = ht(VG) < ara^^) < ara(/r) + 2 < 8. So 
Vg is a set theoretically complete intersection and we can give explicitly the generators up 
to the radical. Note that Ij- is also a stci. 

Now we study the Cohen- Macaulay property. In this example we have that 

(h,a, h, i, e, m) + (/ 2 , d, I, e, m) = (f 2 - bg, cf - g 2 , be - fg, a, h, i, d, I, e, m) 

so the quotient ring K\G\/ ((I\,a,h,i,e,m) + (I 2 , d, le, m)) ~ K[b,c, f, g]/(f 2 — bg,cf — 
g 2 ,bc—fg) is Cohen-Macaulay of dimension two, this will imply that K[G]/ ((I\, a, h,i,e,m)n 
(I 2 , d,le,m)) is Cohen-Macaulay of dimension three. 
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((I\, a, h, i, e, m) PI (J2, rf, Z, e, m)) + (-^3, b, d, /, g, I) = (h 2 — ai, ch — i 2 ,ac — hi, b, d, e, f, g, I, m) 

so the quotient ring K[G]/(((I\, a, h, i, e, m)r\(l2,d, I, e, m))+(Is, b, d, f, g, I)) ~ K[a, c, h, i]/(h 2 — 
ai,ch — i 2 ,ac — hi) is Cohen-Macaulay of dimension two, this will imply from the Corollary 
\5\that K[G]/(V G ) is Cohen-Macaulay of dimension three. 

4 Ara of some simplicial ideals 

In the Definition [3] we have extended any sequence of linearly joined linear spaces. In the 
case of Stanley-Reisner ideal associated to a simplicial complex we can give a more general 
definition. 

Definition 9 Let A(_F) be a simplicial complex, with set of vertices F and facets F\, ...,F S . 
Let denote by /a(f)> the Stanley-Reisner ideal associated to A(F). Let consider a family of 
disjoints sets F(, 1 < I < s and disjoints also from F, we define new sets Gi = -Fj U F(, and 
let A(G) be the simplicial complex with vertices G = Ui<« s G( and facets G±,...,G S . We 
call A(G) a extension of A(F). 

Let remark that in the above situation ^a(G)? i s generated by Imf), and all products yz 
such that y G F-, y € Gj\ F{ for all i 7^ j. This is clear since by hypothesis, for all i 7^ j 
and y G F-, z € Gj\ Fi the edge [y, z] is not in any facet of A(G) so the product yz belongs 
to ^a(g); an d the other generators of Ia(G) have its support in F. 

It follows from the Proposition [21 that if A(i ? ) is a generalized tree then A(G) is a 
generalized tree, and depth {K[F]/I^ F ^) = depth (K [G]/Ja(g))j 

In the following theorem, Ii will be a toric ideal on the variables Gi, and we assume 
that Ii is fully parametrized on the set Ft, that is for any y E F-, there exists some natural 
number m such that y m — XF i € Ii, where x Fi is a monomial with support the set Fi. In 
particular this implies that dim K [Gj\/Ii = card-Fj, for all i. Let remark that the ideal 
Vg = (-^lj ■■■■>Is)Ia(g)) fulfills the conditions to be a simplicial ideal, and it Allows that 
V G = r\U(Ii,G\G i ). 

Theorem 13 Let consider as above A(iJ), A(G), toric ideals Ii on the variables Gi, that 
are fully parametrized on the set Fi and Vg = (Ii, Is,Ia(G))- Then 

1. V G = rad (£f=i ii + Ia(f)) an d axa (Vg) < E|=i ara(/i)+ ara/ A (F)- 

2. If L\(F) is a generalized tree and each ideal Ii is a stci then 

cd(V G )= ara(7 7 G )= cardG- depth (K [F]/I A ( F ))- 
c(K[G]/V G ) = card G - &ra(V G ) - 1. 

3. In particular if A(F) is a d—tree, and each ideal Ii is a stci then V G is a stci. 
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4- If A(F) is a generalized tree, each ideal I{ is a stci, and K[Gj\/Ii is Cohen-Macaulay, 
then '. 

c(K[G]/V G )= card G- &m(P G )-l. 
cd(P G ) = ara(P G ) = projdim (K[G]/V G ). 

Proof. 

1. It will be enough to prove that for all i ^ j and y G F(,z G Gj \ F{, yz G 

rad(Ii, ...,/ s ,/ A (_p)). Since for every i, 1.%% — 1% is a simplicial toric ideal, and F% 

is a set of parameters of i,, for every element y G -F/, there exists some natural 
number m such that y m — x Fi G ij, where scf; is a monomial with support Fj, let 
z £ Fj \ Fi, it follows that ct^ G Ia(f)> which implies that z m y m G (ij,iA(F))> now 
let let 2 G Fj\Fi, then there exists an integer /x such that z^ — x F] G ij , where x ^ is 
a monomial with support Fj ^ Fi. Let remark that we can choose m = \i. We have 
that 

(y m - x Fi ){z m - x Fj ) = y m z m - y m x Fj - z m x Fi + x Fi x Fj , 
which implies that y m z m G (ij, ij, Ia(F))- as a consequence V G = rad h + Ia(F))- 

2. If each ij is a stci then ara (ij) = card (F/), and if A(F), is a generalized tree, then 
also A(G), is a generalized tree, depth (K[G\/Ia{ G )) = depth (if [F]//^^)), and 

ara(i A (F)) = cardF — depth (if[F]/i A (^)), so 

ara(P G ) < ^ card (F-')+ cardF- depth (iT[F]/i A(F) ) = cardG- depth {K [F]/I A[F) ) = 

i 

= cardG- depth (K [G] / i A(G) ) = cardG - c(K[G]/P G ) - 1, 

since by the Theorem E depth (if [G]// A(G) ) = c{K[G] / 1 A{G) ) = c(K[G]/V G ), it 
follows then : 

ara (P G ) < card G - c{K[G]/V G ) - 1, 

or 

c(K[G]/V G )< cardG- ara(P G )-l, 
on the other hand, by [B-Sj . 19.5.3 

c{K[G]/V G )> cardG- ara(P G )-l, 

so we have the equality. 

3. in particular if A(F) is a d— tree then K[F]/Ia(f) is a Cohen-Macaulay ring, so 

depth {K[F]/I A{F) )= dim (K[F}/ 1 A(F) )= dim(K[G]/V G ) 

ara(7> G )< cardG- dim (K[G]/V G ) = ht(V G ), 
which implies that ara(7 ? G ) = ht('P G ), and so V G is a stci. 
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4. If for every i, K\Gj\/Ii is Cohen-Macaulay, then : 

depth (K[F]/I A(F) ) = depth (K[G]/I A{G) ) = depth (K [G)/V G ), 

so our statement follows from 2. 

The statements about cohomological dimension follows from the Theorem HJ 

Remark 4 1. We recall that in WMT^ it was proved that any (simplicial) toric ideal I 
fully parametrized is a stci if char(K) = p > and almost stci if char {K) = p > 0. So 
we can apply the above theorem to find a large class of examples for which ara (Vq) < 
projdim (K[G]/Vg)- This will be published later. 

2. It follows from my work JM/ . and the work of Robbiano- Valla [RV1],' L RV1] that any 
simplicial toric ideal in codimension two, arithmetically Cohen-Macaulay is a stci. So 
we can apply the above theorem to this family. 

3. The examples given in this paper sustend that there is a more general version of the 
above Theorem, this is part of a work in progress. 

4- It should be interesting to study homogeneous ideals in a polynomial ring S for which 

c(S/Z) = dimS" — ara(X) — 1. 
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